Symmetry protection of topological order in one-dimensional quantum spin systems 



0^ 
O 
O 
(N 

00 
(N 



I 

o 
o 



> 
o 

O 

On 
O 



Frank Pollmann,' Erez Berg,^-^ Ari M. Turner,' and Masaki Oshikawa'' 

'Department of Physics, University of California, Berkeley, CA94720, USA 
^Department of Physics, Stanford University, Stanford, CA94305, USA 
'^Department of Physics, Harvard University, 17 Oxford Street, Cambridge, Massachusetts 02138, USA 
''institute for Solid State Physics, University of Tokyo, Kashiwa 277-8581 Japan 
(Dated: September 22, 2009) 

We discuss characterization and stability of the topological order of the Haldane phase. We find that an odd-S 
Haldane phase has a robust topological order protected by any one of the following three global symmetries: 
(i) the dihedral group of 7r-rotations about x,y and z axes; (ii) time-reversal symmetry S^'^'^ _g^,y,^-^ 
(iii) link inversion symmetry (reflection about a bond center). On the other hand, an even-S Haldane phase is 
more fragile and protected only by global SU(2) symmetry. The symmetry protection can be extended to more 
general models, such as spin ladders. 



States of matter can be classified into different phases, 
which are often distinguished by (local) order parameters. 
Identification of phases generally requires certain symmetries. 
For example, the ordered phase and the disordered phase of 
the Ising model can be sharply divided only in the presence 
of the Z2 symmetry of spin reversal. In the absence of the 
symmetry, the two phases can be connected without a phase 
transition and thus cannot be distinguished uniquely. In this 
Ising example, the phase transition corresponds to the spon- 
taneous breaking of the Z2 symmetry. Therefore, it is natural 
that the Z2 symmetry is required to protect the ordered phase 
as a well-defined phase distinct from the disordered phase. 

On the other hand, even when there is no local order pa- 
rameter or spontaneous breaking of a global symmetry, we 
sometimes find distinct quantum phases separated by quan- 
tum phase transitions. We then attribute the distinction to a 
"topological order". While there are several known character- 
izations of the topological order, the complete understanding 
of the topological order is still lacking. The related question, 
what kind of symmetry, if any, is required to protect the topo- 
logical order, is much less obvious compared to the case of a 
standard spontaneous symmetry breaking. 

One of the simplest examples of the topologically ordered 
phases is the Haldane phase in quantum spin chains. As pre- 
dicted by Haldane, the Heisenberg antiferromagnetic (HAF) 
chain with an integer spin 5* 



^HAF — J ^ Sj ■ Sj- 



(1) 



where J > 0, has a nonzero excitation gap and exponentially 
decaying spin correlation functions, while the same model is 
gapless and has power-law correlations for a half-integer S. 

Following Haldane's prediction, Affleck, Kennedy, Lieb, 
and Tasaki (AKLT) presented model Hamiltonians, for which 
the groundstate can be obtained exactly HI 01- In addition 
to providing a concrete realization of the Haldane conjecture, 
the groundstate (AKLT state) was later found to exhibit sev- 
eral unexpected properties, such as a nonlocal "string order" 
and edge states. These may be regarded as manifestations of 
a topological order 



On the other hand, despite the relative simplicity of the 
quantum spin chains and intensive study over several decades, 
their topological order is still not fully understood. In fact, 
it was only recently that the importance of inversion (parity) 
symmetry in the Haldane phase was pointed out. Based on a 
field-theory (bosonization) analysis of a related boson model. 
Berg et al. ||3t] pointed out that the S = \ Haldane phase is dis- 
tinct from other phases only in the presence of the inversion 
symmetry. Later, based on the Tensor Entanglement Filtering 
Renormalization Group (TERG) approach, Gu and Wen \^ 
stated that the 5 = 1 Haldane phase is protected by the com- 
bination of the translation, complex conjugation ("time re- 
versal") I5i], and inversion symmetry. They pointed out that 
the combined symmetry above protects the topological or- 
der, even when the existing characterizations (edge states and 
string order) do not work. 

In this Letter, we examine the topological order in one- 
dimensional quantum spin systems and its robustness, in a 
wider context. We find that the topological order in the odd-5 
AKLT is robust against various perturbations. The protection 
of the topological order does not require the entire symmetry 
proposed in Ref. [4], but just any one of the three symmetries 
listed in the abstract. In particular, just link inversion symme- 
try is sufficient to protect the topological order This reveals a 
novel characterization of the topological order, based on an in- 
trinsic parity with respect to link inversion of the groundstate. 
The symmetry protection of the topological order can also be 
extended to more general systems such as spin ladders; the 
topological order is robust when the number of valence bonds 
across a "cut" (which separates the system into two) is odd. 

On the other hand, the topological order is fragile when the 
number of valence bonds across the cut is even. For example, 
the S = 2 AKLT state is adiabatically connected to the trivial 
state once the SU(2) symmetry is lost. 

First let us briefly review the previous studies on the hid- 
den order and edge states in the Haldane phase. It is believed 
that the groundstate of the standard Heisenberg chain belongs 
to the Haldane phase, which also includes the translationally 
invariant Affleck-Kennedy-Lieb-Tasaki (AKLT) state. The 
5 = 1 AKLT state exhibits the following two remarkable 
properties: (I) Free 5=1/2 degree of freedom appearing at 
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each end of the chain in the case of open boundary conditions. 
Namely, the groundstate of the AKLT Hamiltonian is 4-fold 
degenerate due to the 2^ edge states, although the groundstate 
is unique in the case of periodic boundary conditions; (II) A 
nonlocal order measured by the string order parameter 

O,^^ lim {Sfe"^^<'<^'"S^). (2) 

\j-k\^oo 

Kennedy and Tasaki ^ unified these two as consequences 
of a spontaneous breakdown of a hidden Z2 x Z2 symmetry. 
Namely, the nonlocal unitary transformation (see also ITfl) 

UKT = exp(^7Tj2s^Si^ (3) 

transforms a wide range of spin chain Hamiltonians into a 
Hamiltonian with only short-range interactions. The trans- 
formed Hamiltonian generally has a global discrete symmetry 
with respect to rotation by angle tt about x, y, and z axes |6]. 
The symmetry group, sometimes called the dihedral group D2, 
is equivalent to Z2 x Z2, since the product of 7r-rotations about 
the X and y axes gives the tt -rotation about the z axis. This 
symmetry is hidden in Hamiltonian ([T]) in a nonlocal manner. 

The Kennedy-Tasaki transformation (O maps the string or- 
der parameter to the usual ferromagnetic order parameter 
Thus, when the hidden Z2 x Z2 symmetry is broken spon- 
taneously, the ferromagnetic long-range order for the trans- 
formed Hamiltonian implies a non-vanishing string order for 
the original Hamiltonian ([T]). On the other hand, the hidden 
Z2 X Z2 symmetry breaking also implies a 4-fold groundstate 
degeneracy for the transformed Hamiltonian. Since the map- 
ping by the unitary ^ to the short-range interaction Hamilto- 
nian requires open boundary conditions, this implies a 4-fold 
groundstate degeneracy of the original Hamiltonian ([T]) only 
for open boundary conditions. Consequently, edge states exist 
and the 4-fold degeneracy matches the degeneracy expected 
from S = 1/2 degrees of freedom at each end. 

Here, let us clarify the range of applicability of the hidden 
Z2 X Z2 symmetry. Some spin chain Hamiltonians are trans- 
formed into systems with nonlocal interactions by Ukt, and 
thus the hidden Z2 x Z2 symmetry argument is inapplicable. 
Since Ukt is inverse to itself, the condition for a Hamiltonian 
H to be related by Ukt to a Hamiltonian with short-range in- 
teraction is that Ti has a global D2 (= Z2 x Z2 ) symmetry of 
TT -rotations about x, y, and z axes. 

The topological order in the Haldane phase for > 1 has 
been less understood. Once the transformation is written as 
Eq. ([3]), it can be readily applied to any integer S, and the 
transformation of the Hamiltonian and the string order param- 
eter remain the same. However, it turns out that the hidden 
Z2 X Z2 symmetry is spontaneously broken in the translation- 
ally invariant AKLT state only if S is odd, but unbroken if S is 
even. 101 This can also be seen by counting the degeneracy of 
the edge states. Therefore, with regard to the hidden Z2 x Z2 
symmetry, the even-S" AKLT state is indistinguishable from a 



trivial disordered state. However, the physical meaning of this 
finding was not well understood. 

In the following, we investigate two other characterizations 
of the topological order in one-dimensional quantum spin sys- 
tems. Each characterization implies protection of the topolog- 
ical order in the presence of a different symmetry. We find that 
the odd-5 and even-5 AKLT state indeed differ in the robust- 
ness of the topological order, as was suggested, in retrospect, 
by the hidden Z2 x Z2 symmetry analysis. 

Let us now discuss the topological order, from the view- 
point of "edge physics". Here we apply the idea similar to 
what was used to characterize the quantum spin Hall insula- 
tor [8]. As long as the gap does not close in the bulk, we may 
focus on the nearly degenerate groundstates corresponding to 
the edge states. The spin-S* AKLT state with open boundary 
conditions has a spin-S'/2 edge degree of freedom at each end, 
and thus (5 + l)-fold degeneracy at each end. In general, if 
we introduce a perturbation to the Hamiltonian, the edge de- 
generacy is expected to be hfted. However, if the edge spin 
is half-integer, namely for the odd-5 AKLT state, as long as 
the Hamiltonian has the time-reversal symmetry, the two-fold 
Kramers degeneracy at each edge should remain. As a conse- 
quence, the odd-S* AKLT state must be separated from a trivial 
disordered state by a quantum phase transition. In this sense, 
the topological order in the odd-5 AKLT state is robust and 
protected by time-reversal symmetry. 

On the other hand, for the even-S* AKLT state, the edge spin 
is integer. Thus the degeneracy is lifted by a generic perturba- 
tion even if the Hamiltonian is invariant under time reversal, 
because there is no Kramers degeneracy. Nevertheless, a simi- 
lar argument on the edge states implies that some kind of topo- 
logical order also exists in the even-S* AKLT state. Namely, 
as long as the SU(2) symmetry is kept, the SU(2) multiplet of 
the 5*+ 1 edge states should remain, unless the gap is closed in 
the bulk. This means that the topological order of an even-S" 
AKLT state is protected by the global SU(2) symmetry. 

However, the corresponding topological order is rather 
fragile. Let us introduce the trivial tensor-product state I'D) — 
I . . . 00000 . . .). Once the SU(2) symmetry is lost, even in 
the presence of many other symmetries, the even-S* AKLT 
state can be adiabatically connected to I'D). We present such 
an interpolation explicitly in terms of Matrix Product States 
(MPS) ||9lll0|]. On a chain of length L with periodic boundary 
conditions, a translation invariant MPS is given by 

l^-)- J2 Tr(A™,...AnJ|mi,...mi), (4) 

mi,.. . ,mi 

where A„i are x x x matrices, and \mj) represents a local 
state at site j. We shall refer to the matrix dimension x as the 
ancilla dimension. 

Let us discuss the 5 = 2 case as the simplest example. We 
take the standard 5^-basis so that rrij = —2, —1,0,1,2 can be 
identified with the eigenvalue of Sj . We take x = 3 as for the 
S — 2 AKLT state and choose the matrices Am as a function 
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of a parameter t: 

Am — Am{t) = tA. 



AKLT 





(1 - t)5„,fi ( 1 




(5) 



Here,_Al*^^ is the MPS representation for the S 
state ifTlll : 



2 AKLT 



AKLT I 
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-^/3|-l) -2|0) -V3|l) 
V6I-2) V3I-1) I 



(6) 

By construction, the resulting MPS state coincides with 

the S* = 2 AKLT state at t = 1, and reduces to the trivial state 
at t = 0. \^{t)) is not invai'iant under the global SU(2) 
symmetry, except at t = 1. On the other hand, it respects 
U(l) symmetry (conservation of total S*^), translation symme- 
try, global D2 symmetry, time-reversal symmetry, and inver- 
sion symmetry. Although A„i (t) itself is not in the canonical 
form 1 12] of the MPS, for < i < 1, it can be transformed 
to the canonical form Am {t) which satisfies the conditions for 
the pure states. At < = 0, the MPS representation is no longer 
canonical with respect to the ancilla dimension x = 3, but 
is canonical with respect to the truncated ancilla dimension 
X = 1. The correlation length for any local observable re- 
mains finite in for < t < I. (The correlation length 
is directly obtained by diagonalizing the transfer-matrix for 
This means that the S* = 2 AKLT state is con- 
nected adiabatically to the trivial state without crossing 
any quantum phase transition. Moreover, the general theorem 
in Ref. [|12tl ensures that is the unique ground state of a 
Hamiltonian with only short-range interactions and there is a 
nonvanishing excitation gap. Thus the topological order in the 
even-S* AKLT states is rather fragile, and vanishes once the 
SU(2) symmetry is lost. On the other hand, we have shown 
that the topological order in the odd-iS* AKLT states is robust 
and protected either by global D2 symmetry (thanks to the 
hidden Z2 x Z2 symmetry) or global time-reversal symmetry 
(thanks to the Kramers degeneracy of the edge states). 

We note that, although global D2 invariant models and 
time-reversal invariant ones have a large overlap, they are 
not identical. For example, the anisotropic perturbation 
"^jiSjSj^-^ + SjSj^2) is time-reversal invariant but not D2 
invariant. On the other hand, J^j Sj_^_^Sj_^^2 is D2 invariant 
but not time-reversal invariant. 

Now we introduce another characterization of the topologi- 
cal order, which implies that the topological order in the odd- 
S Haldane phase is also protected just by link inversion sym- 
metry (lattice inversion about the center of a bond). To illus- 
trate the point, it is convenient to consider first an AKLT state 
on a chain of odd length L with periodic boundary conditions. 
Although the system is frustrated for odd L, the ground state 
of the AKLT model is still unique, reflecting the short-range 
spin correlations. For example, we discuss the S* = 1 AKLT 
state for i = 7 as shown in Fig. [T] and inversion T about the 
vertical line. 




FIG. 1: The S = 1 AKLT state on a ring of L - 
lattice inversion about the vertical line. 



7. We consider the 



Let us recall the original AKLT construction, starting from 
two S — 1/2's per site, and denote a valence bond (sin- 
glet of two S = 1/2's) between sites j and k by \{j,k)). 
The valence bond \{j,k)) is antisymmetric under inversion, 
namely the exchange of j and k. Thus, under the inversion T, 
the valence bond |(4, 5)) crossing the line changes the sign: 
X|(4, 5)) = — 1(4, 5)). The other valence bonds are flipped 
as well, for example I| (3, 4)) = — 1(5,6)). However, being 
paired with I| (5, 6)) = -|(3, 4)), we find X|(3, 4)) |(5, 6)) = 
1(3, 4)) 1(5, 6)). The symmetrization operation in the AKLT 
construction is also invariant under T. Thus we obtain 



I* 



5=1 )L = 7- 



(7) 



(For a related discussion in a different setting, see Ref. 111311 .^ 
The same argument can be easily applied to higher-spin AKLT 
states, and the odd-S* AKLT state is odd under inversion on a 
ring with any odd length L. Even if we introduce perturba- 
tions to the odd-5 AKLT model, the ground state on the odd 
length ring should still be odd under inversion, as long as the 
Hamiltonian respects the inversion symmetry and the gap does 
not close. On the other hand, a trivial state given by a tensor 
product of local states, such as I'D), is even under I. Therefore 
we conclude that there must be a phase transition between the 
odd-5 AKLT state and the trivial I'D) state, if the inversion 
symmetry is kept. Namely, the topological order of the odd- 
S Haldane phase is protected just by the inversion symmetry. 
We emphasize that the topological order is characterized by 
the odd parity under the inversion but not by a spontaneous 
symmetry breaking. 

The above heuristic argument, based on the global proper- 
ties of the ground state under inversion, requires the ring to 
have an odd length L. However, this is not essential, as can 
be seen in the following more general formulation based on 
MPS. m Let us consider a system that is inversion invariant. 
Although our analysis does not depend essentially on trans- 
lation symmetry, here we also assume the translation invari- 
ant MPS as in Eq. (|4|l, for the sake of simplicity. We assume 
that the ground state \ 'i>o) fulfills the following conditions: (a) 
I '^0) can be well approximated by finite dimensional matrices 
A„i, (b) The matrices A„i evolve continuously as we change a 
parameter of the Hamiltonian, and (c) |^o) is a pure state lll2ll . 
It is useful to write the matrices Am as Am — r„iA, where A 
is a diagonal matrix containing the square roots of the eigen- 
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values of the reduced density matrix, and the matrices and 
A can be chosen to satisfy llisll 

^ r^A^rL = 1 and ^ r^A^r,^ = i. (8) 

m m 

The first equality, for example, implies that the transfer matrix 
T„„';/3/3' = Emr^^A^(r^'^,A^O* has a right eigenvector 
1 with eigenvalue A = 1 (Note that condition (c) implies that 
all other eigenvalues have smaller magnitudes {3). A re- 
flection corresponds to transposing all matrices — > F^^. 
This transformation preserves the canonical form of the MPS. 
Since we assume the state to be invariant under inversion, we 
know from Refs. ifTil [Till that there exists a unitary Ux with 
[C/i, A] = suchfliat 

F^ ^ e'^^UlVrnU^. (9) 

By iterating this relation twice, we arrive at r„i = 

g2jez (^UjUj'j TmUjUj. Combining this relation with 

Eq. ©, we obtain rt^Af/^-L/^ AF„ = e^'^^U^Ul I.e., 
the matrix Uj-U^ is an eigenvector of the transfer matrix with 
an eigenvalue e^*^^. Since we assume that all eigenvectors 
with unimodular eigenvalues are proportional to 1 with eigen- 
value \ = I, Ox is either or tt and U-j-U^ = e^**^^!, or 
= e"^^C/i. Iterating the latter relation twice, we find 
that 0x can be either or tt, i.e., Ux is either symmetric or 
antisymmetric. Eq. ^ implies that, for T„i to evolve contin- 
uously, Ux has to be continuous (up to a phase) and therefore 
must remain symmetric or antisymmetric. Therefore, the only 
way in which (t)x and Ox can change is through a phase transi- 
tion, in which one of the assumptions above break down. For 
example, second order phase transitions through conformal 
critical points are characterized by a diverging entanglement 
entropy and thus violate (a) (T?]. A violation of (b) corre- 
sponds to a first order (discontinuous) phase transition. Vio- 
lations of (c) correspond to a level crossing in the spectrum of 
the transfer matrix T which implies a quantum phase transi- 
tion, as discussed in detail in Ref. fisll . 

The S — 1 AKLT state can be represented by a MPS 
with Fa = Ual^P^- Here CTq (a — x^y,z) are Pauli matri- 
ces and we use the time-reversal invariant spin basis \x) = 
^ (|1) - 1-1)), \y) = ^ (|1) + 1-1)), \z) = |0). Underre- 
flection of the system, the matrices transform as cja ^ cr^ = 
—(TyaaCTy Therefore Ux = cry and Ox — (t>x — We also 
find Ox — (t>x — for other odd S while Ox = (l>x — for 
even S. The state I'D), on the other hand, transforms simply as 
F^ = Tjn (since the F„i are scalars) and thus Ox = 4>x ~ 0. 
Consequently, the system has to undergo a phase transition 
when going from the odd-S* AKLT state to the trivial state 
\D), in agreement with the preceding heuristic argument. 

So far, we have restricted our discussion to the translation 
invariant case, where link inversion (reflection about a bond 
center) and site inversion (reflection about a site) are equiva- 
lent. The present analysis can be generalized to systems with- 
out the translation symmetry [14]. We find that what is es- 
sential is the link inversion, not the site inversion. Even if 



the Hamiltonian is perturbed by bond modulations that break 
translation symmetry, the odd-S* AKLT state remains distinct 
from the trivial state as long as the link-inversion symmetry is 
preserved. 

Our analysis can be extended to more general one dimen- 
sional quantum spin systems, such as chains with bond alter- 
nation, spin ladders and tubes. In the AKLT-type construction 
based on valence bonds, when a "cut" (such as the vertical line 
in Fig. [U is crossed by an odd number of valence bonds, the 
state has a robust topological order protected by either time- 
reversal or link-inversion symmetry, thanks respectively to the 
edge Kramers degeneracy or the odd parity with respect to link 
inversion. For example, the ri-leg 5=1 Heisenberg ladder, 
in the weak rung coupling limit (where each chain becomes 
independent), has a robust topological order when n is odd. 
The topological order extends to a finite rung coupling (up 
to a possible quantum phase transition), provided that either 
time-reversal or link inversion is kept. 
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